We investigate transport properties of a Hamiltonian system with two degrees of freedom. We found that, for a range of parameter values, transport is superdiffusive, and we numerically comfirmed that this is caused by stickiness of ballistic mode islands. We also note that a Poincaré map of our system has properties similar to those of Lévy flight.
Introduction and model
It is well known that chaotic motion in Hamiltonian systems produces diffusion in phase space, and especially for systems that possess both tori and chaos the diffusion process may be anomalous due to sticking motion near island tori. 1) These sticky islands are called 'ballistic' or 'accelerator' mode islands. 2) Anomalous diffusion, which is a generalization of normal diffusion, is defined by time dependence of the mean square displacement (MSD),
and for each value of γ, the diffusion process is referred to as super-diffusion for γ > 1, normal diffusion for γ = 1, and sub-diffusion for γ < 1.
In this work we investigate a Hamiltonian system with two degrees of freedom. Transport of this system is found to be anomalous in a certain parameter region. We find ballistic mode islands, and examine relations of these islands to anomalous transport by studying Poincaré sections and waiting time distributions.
The Hamiltonian system with two degrees of freedom that we consider is given by 3)
where µ and are the perturbation parameters. When µ = 0, the system is integrable, while when µ = 0 and = 0, the motion is diffusive along both coordinates q 1 and q 2 (−∞ < q i < +∞, i = 1, 2). And the canonical equations are as follows:
Anomalous diffusion and ballistic mode islands
We begin by considering numerical simulations of MSDs and Poincaré sections. For all the simulations, we used µ = = 0.4. Figure 1 displays anomalous time dependence of MSD, (∆q 1 ) 2 ∼ t γ with γ = 1.28, for the total energy H = 0.1, where ∆q 1 (t) = q 1 (t) − q 1 (0). In this simulation, we used random initial points around a heteroclinic point, q 1 = p 1 = 0 and q 2 = π. However, we found that if we choose other values for the system energy, for example H = 0.5, the diffusion is almost normal (Fig. 2) .
In Fig. 3 , we show compacted Poincaré sections for the total energy H = 0.1. These sections were obtained using positive momentum p 1 > 0 and three different values of q 1 : (a) q 1 = 2nπ, (b) q 1 = π 2 + 2nπ, and (c) q 1 = π + 2nπ. The islands in the center region of these figures, forming an "islands around island structure", represent the same torus on different sections. Also, these islands do not cross the q 2 = 2nπ (n = 0, ±1, · · ·) line. Therefore on the islands, q 1 exhibits ballistic motion (rotational motion), while q 2 exhibits periodic motion. We use these facts to calculate the distribution of sticking time. 
Waiting time distribution
Next, we investigate the scaling relation between the waiting time distribution and MSD to make sure that anomalous diffusion is caused by stickiness around the ballistic mode islands. We begin with a formula. 4) When a distribution of sticking times to ballistic mode islands, f (τ ), obeys the scaling law
then the mean square displacement depends on time as
Then, using Eq. (1), we have
In our model, we divide the phase space into cylinders defined by 2nπ < q 2 < (2n + 1)π for n = 0, ±1, ±2, · · · (see Fig. 4 ), and compute the waiting time distribution of the orbit in each cylinder. We conjecture that the waiting time distribution and the sticking time distribution obey the same scaling law. This is because ballistic mode islands are embedded in every cylinder like Fig. 4 , and therefore a long sticking time directly implies a long waiting time. Figure 5 plots the waiting time distribution for H = 0.1, which is found to have power-law-like tail.
In Fig. 6 , we plot the scaling exponent γ of MSD, (∆q 1 ) 2 , as a function of the total energy H. We also plot 3 − β, where β is the scaling exponent of the waiting time distribution. We find good agreement between these two quantities, and we conclude that the anomalous diffusion in our system results from the stickiness of the orbit around the ballistic mode islands. 
Summary
In this note, we studied a Hamiltonian system with two degrees of freedom, and found that the diffusion process was anomalous. Furthermore, by the comparison of the scaling exponent of the waiting time distribution and the mean square displacement, we confirmed that anomalous transport originates from the sticking motion around the ballistic mode islands.
Finally, we comment on the relations between the present model and a stochastic process called Lévy flight. 5), 6) Lévy flight is viewed as an important model of anomalous diffusion, and several stochastic models based on the Lévy distribution, such as Lévy walk 7) and truncated Lévy flight, 8) have been introduced. Many deterministic models of anomalous diffusion have been found to be described well by the Lévy walk model. 9), 10) And in our previous paper, we introduced a one-dimensional map that produces Lévy flight. 11) In the present model, the Poincaré map on the surfaces of section q 2 = 2πn (n = 0, ±1, · · ·) produces Lévy flight type diffusion. The reason of this is because an orbit sticking to islands stays in the region between two such sections for a very long time (see Fig. 4 ). At the same time, the orbit travels a very long distance along q 1 . So single iteration of this map can produce a very long flight of q 1 . Figure 7 displays the flight length distribution of a single iteration of the map, which has a power-law tail like that of Lévy flight. So Lévy-flight-type diffusion is realized through homoclinic chaos in the present case. Although we have only considered one particular system, we believe that this mechanism is universal, because homoclinic chaos is a universal phenomenon and the structure of the ballistic mode islands seen in the present model is thought to be general in Hamiltonian systems with two degrees of freedom. More properties of this map, such as correlations and Poincaré plots, will be reported in a forthcoming paper.
